We present the status of 2+1-flavor QCD simulations with the Möbius domain-wall fermions at lattice spacings of a −1 = 2.4 and 3.6 GeV. Violation of the Ginsparg-Wilson relation measured by the residual mass is below 0.5 MeV or lower. After giving an overview of the gauge ensemble generation, we discuss the scale setting by the Yang-Mills flow observables in detail. We also discuss autocorrelations in the hybrid Monte Carlo simulations and correlations between lighthadron correlators and the topological charge.
Overview of numerical simulation
We are aiming at performing precise lattice QCD calculations to test the heavy-flavor sector of the Standard Model. In order to achieve a good control of systematic errors, we generate N f = 2+1 gauge configurations using the Möbius domain-wall fermion action with the kernel built after three levels of the stout-smearing. The tree-level improved Symanzik action is employed for the gauge sector. The formalism and the status at an earlier stage were presented in [1] . For the development of our simulation code, see [2] . We designed the numerical simulation to have:
• multiple lattice spacings at a −1 = 2.4 GeV and finer, which allow continuum extrapolation of heavy-quark matrix elements with discretization errors under control.
• good chiral property of the light-quark sector, which allows a precise chiral extrapolation without introducing extra terms due to discretization effects. Good control of the operator mixing between different chiralities is also achieved.
• large enough physical volume to suppress finite size effects. Most of the ensembles satisfy the condition m π L > ∼ 4.0.
The target lattice spacings are a −1 ≈ 2.4, 3.6 and 4.6 GeV. Besides the finest one which is in progress, the gauge ensembles have been generated at three values of the up and down quark masses m ud corresponding to m π ≈ 500, 400 and 300 MeV. We take two values of the strange quark mass m s to allow interpolation to the physical mass point. 
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Fine lattice simulations with the Ginsparg-Wilson fermions J. Noaki give an estimate of the finite size effects. We note that the length of the unit trajectory is increased from the standard choice τ = 1 to τ = 2 at a −1 ≈ 3.6 GeV and τ = 4 at 4.6 GeV in order to reduce the effects of possible long autocorrelations at these finer lattices [3] . Table 1 lists the parameters and the current statistics of these gauge ensembles. By using the Möbius kernel and three levels of the stout smearing, the Ginsparg-Wilson relation is precisely satisfied with a moderate size in the 5-th direction of the lattice L 5 . In fact, we obtain the residual mass at a level of m res < 0. In the rest of this article we present some basic tests of the generated gauge configurations as a preparation for physics studies. For other related works, see [4, 5] .
Scale setting by the Yang-Mills gradient flow
We determine the physical scale by the Yang-Mills gradient-flow time t 0 which is defined by t 2 ⟨E⟩ | t=t 0 = 0.3 [7] . E is the energy density of the gauge field calculated using its clover-leaf definition. Compared to the alternative way of using w 0 defined by t [8] , the scale setting by t 0 shows milder mass dependence and smaller statistical error as reported in [9] . Chiral expansion of t 0 /a 2 would take a form
where k 1 , f andt 0 (the value of t 0 in the chiral limit) are unknown parameters [10] . M represents a typical light meson energy-scale. Since there is no non-analytic contribution at the order of M 2 , we carry out a linear extrapolation of t 0 /a 2 as a function of (2m 2 K + m 2 π )t 0 , which is proportional to the total sea quark mass 2m ud + m s . For the physical point, we use m π = 135 MeV, m K = 495 MeV and t 1/2 0 = 0.1465 fm as inputs [8] . The left and the right panels of Figure 2 show this chiral extrapolation at β = 4.17 and 4.35, respectively. At the physical point, we obtain
where we quote only the statistical error. Analysis including higher order terms, which are visible as a difference between two m s , is to be performed. We observe a good agreement in t 0 /a 2 between the two different volumes (blue and green symbols) at (m ud , m s ) = (0.0035, 0.0400) in the left panel. The systematic error from the finite volume size should therefore be small.
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Fine lattice simulations with the Ginsparg-Wilson fermions J. Noaki These observations indicate that we obtain consistent estimates of the lattice scale a −1 from t 0 , r 0 and m Ω .
Thermalization and autocorrelation
As already reported in [1] , we found a long thermalization time for the finer lattices at β = 4.35. It gives a warning that the thermalization and autocorrelation should be monitored and checked for various quantities covering both gluonic and fermionic observables. Observables from
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Fine lattice simulations with the Ginsparg-Wilson fermions J. Noaki the Yang-Mills gradient flow are particularly useful because they are statistically very precise and have a sensitivity to the IR fluctuations, for which the long autocorrelation is expected. The left panel of Figure 4 shows the history of t 2 E at the flow time t/a 2 = 6 and 7, around which t 0 is extracted. We observe that HMC undergoes thermalization during the first 4,000 MD-time. After that, the gauge configurations do not seem to be trapped in any specific region. A quantitative analysis of the autocorrelation time is ongoing. In the right panel of Figure 4 , we also check the autocorrelation of hadron correlators. Compared to the similar plots for t 2 E, the autocorrelation is less significant for these hadronic observables.
Global topological charge and correlation with hadronic observables
Another but related concern in the ensemble generation is the nearly frozen topology at the finer lattice spacings. We evolve the stored gauge configurations by the Yang-Mills gradient flow and compute the topological charge Q = 1 16π 2 ∑ x trF µν (x)F µν (x). We extract a measurement of Q after the measured value comes to a plateau in t. From the history of Q, we confirm that a reasonable sampling of different topological sectors is obtained for each ensemble of β = 4.17 and 4.35. Figure 5 shows the examples of the MC history and the histogram from the heaviest quark mass ensembles at each β . The figure shows a significantly narrower distribution of Q at β = 4.35 (right two panels) than β = 4.17 (left two panels), though they share similar values of m ud , m s and the physical volume. This suggests that the global topological charge Q decorrelates more slowly on the finer lattice. In [6] , we propose a method to extract correct physical results in such situations and present the results for the topological susceptibility.
For a precision study of hadron physics, it is desirable to check possible influences of the global topology freezing to hadronic observables. Figure 6 shows scatter plots of the pion effective mass m eff π versus Q 2 at β = 4.17 (left) and 4.35 (right). We observe that the correlation between Q and the distribution of m eff π is negligible. Actually, averages of m eff π in different topological sectors are in good agreement with that over all the sectors. This observation together with an analytic study of the effects of fixing topology [11] implies that the influences of the slow fluctuation of Q to hadronic observables are not significant in our simulated region of the lattice spacing.
